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1. Introduction 
 
This chapter describes a multi degrees of freedom (hereafter, "DOF") motion sensor system 
in 3D space. There are two major areas where multiple-DOF motion sensors are needed. The 
first involves vehicles, helicopters or humanoid robots, which are multi-input multi-output 
objects, each having 3 DOF in all translational and rotational directions. Thus, an accurate 
measurement of all 6 DOF motions is needed for their analysis and control. The second area 
involves considering not only the translational components, but also the rotational 
components for 1-DOF linear motion on ground since this type of motion is always affected 
to a certain extent by motion along other axes, and mixed signals of translational and 
rotational components are detected in the case of using 1-DOF motion sensors. 
So far, inertial navigation systems (INS) with highly accurate gyro sensors and 
accelerometers have been used in the field of rocketry and aerodynamics. However, it is 
difficult to install such systems combined with gyroscopes and accelerometers on small 
robots due to their large size, weight and cost. In recent years, small vibration gyro systems 
and micro-machine gyro systems have been developed by using MEMS (micro-electro-
mechanical system) technology. However, the sensor units which utilize these systems are 
not small, weighing about 6 to 10 kilograms, and in addition there are some problems with 
measurement accuracy and stability. 
In the case of multiaxial sensors, it is known that the specific problem of non-linear cross 
effect arises, which means that other axial components interfere with the target one, and the 
measured values differ from the true values due to this effect. As a result, the cross effect 
reduces the measurement accuracy. In addition, as a result of increasing the effect by the 
gain and offset errors of each axis, stability is lost. Therefore, sensor calibration is required 
for suppressing the cross effect, as well as for decreasing the gain and offset errors. However, 
in general, gyro systems cannot be calibrated in isolation, which needs special equipments, 
such as an accurate rotary table, for generating a nominal motion. Thus, a proper calibration 
of the multiaxial sensors by the user is extremely difficult. 
In the present work, we propose a newly developed 6-DOF motion sensor using only 
multiple accelerometers, without the gyro system. The advantage of using accelerometers is 
that they can be calibrated with relative ease, using only the gravitational acceleration 
without any special equipment. So far, we have performed several experiments using the 
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prototype sensor, and observed rapid divergence followed by the specific cross effect in the 
multiaxial sensors. Therefore, in this chapter, we investigate these two problems of 
divergence and cross effect. Regarding the divergence, we analyzed the stability based on 
the geometric structure of the sensor system. Furthermore, we analyzed the cross effect with 
respect to the alignment error of the linear accelerometer, and proposed a relatively easy 
calibration method based on the analytical results. Finally, we investigated the proposed 
system and methods in an experiment involving vehicle motion, which is particularly prone 
to the cross effect, and demonstrated that this sensor system (i.e., the 6-DOF accelerometer) 
performs well. 
 
2. Measurement principle and extension to multiple axes 
 
First, we consider the acceleration which occurs at point i on a rigid body (Fig.1). We define 
a position vector for the moving origin of the body ( bΣ ) relative to the reference frame ( oΣ ) 
as Tbz
o
by
o
bx
o
b
o ppp ][=p , and the position vector of the point i relative to the body origin as 
T
iz
o
iy
o
ix
o
i
o rrr ][=r . Then, the position vector bo p  from oΣ  is is represented as follows: 
 
.i
o
b
o
i
o rpp +=  (1) 
 
When the rigid body revolves around the origin 
b
Σ , Eq.(1) is written as 
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o
b
o
b
o
i
o rωpp ×+= &&&  (2) 
 
Moreover, we can rewrite the equation by taking into consideration the gravitational 
acceleration as follows: 
 ( ) .ioboboioboboio rωωrωgpp ××+×++= &&&&&  (3) 
 
Equation (3) represents the acceleration of point i on the body. If one linear accelerometer is 
installed at point i, the accelerometer output ai is 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Acceleration at point i on a rigid body 
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Fig. 2. Model of the proposed 6-DOF measurement system 
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Here, Tiz
o
iy
o
ix
o
i
o uuu ][=u is the sensitivity unit vector. In Eq.(3), the translational, 
rotational, centrifugal and gravitational accelerations are mixed, and cannot be separated 
using only one accelerometer output. In order to obtain 6-DOF acceleration data (i.e., data 
regarding translational and rotational motion), we need to resolve multiple acceleration 
signals, when more than six linear accelerometers are needed. Thus, in the six 
accelerometers, each output is given by (see Fig.2) 
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Ro is a gain matrix which depends on the direction of the sensitivity vectors and position 
vectors. Ro  is a known constant matrix. If Ro  is a non-singular matrix, Eq.(6) can be written 
as 
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Here, the terms consisting of angular velocities ),,( bz
o
by
o
bx
o ωωω are the centrifugal acceleration 
components in Eq.(8). We tentatively refer to these terms as "CF terms". Furthermore,  bx
oθ  
and by
oθ  are the attitude angle of the x axis (roll) and the y axis (pitch), respectively. In 
addition, the distance r between 
b
Σ  and each accelerometer is 0.06 m. 
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3. Stability analysis 
 
In motion sensor systems, one of the most serious problems is the drift effect. Although it 
occurs for various reasons (e.g., vibration or environmental temperature fluctuations), if the 
solutions are obtained only from the accelerometer outputs (that is, if they are represented 
by an algebraic equation), they can be improved with relatively high accuracy by 
performing sensor calibration. However, as shown in Eq.(8) of this system, the z axis 
acceleration is resolved only by accelerometer outputs (a1-a6), while the x and y axis 
accelerations are resolved by outputs and CF terms with the cross effect in each other. In 
past studies, it has been indicated that  these terms interact with each other, starting with the 
drift error. As a result, a rapid divergence of the solutions (i.e., the 6-DOF acceleration) 
caused by the cross effect in addition to the drift error has already been confirmed in past 
systems. Therefore, in order to analyze the stability of the proposed system in the same case, 
let us assume the measurement errors occurring as follows: 
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where the suffix n represents a true value, and Δ  represents the combined error with gain 
and offset error. Here, we substitute Eq.(10) into Eq.(8) and solve the equation for the error 
terms ( Δ ). As a result, we obtain the following second-order differential equations for the 
error: 
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where we assume that the above errors are negligibly small, and thus we obtain Eq.(11) by 
linear approximation. 
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 (12) 
 
Equation (11) is a Mathew-type differential equation, which is known to be intrinsically 
unstable, and therefore we analyzed Eq.(11) by using numerical calculation in order to 
clarify the stability or instability conditions of the 6-DOF sensor system. 
 The analytical result is shown in Fig.3, which shows the state of the amplitudes of the error 
terms ( b
oΔ ω ) for the frequency ratio )2(
or
f
zyx
πωωω =  when time approached infinity. Here, 
xω , yω  and zω  represent the roll, pitch, and yaw frequencies, respectively. This result 
shows the error terms increase rapidly when the frequency ratio becomes even (i.e., 
K0.6or0.4,0.2
or
=
zyx
ωω ).  
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Fig. 3. Measurement error amplitude as plotted against the frequency ratio 
 
Thus, it is considered that this system might become unstable when the roll or the pitch 
frequency become even for the yaw motion. However, in 3D motion of a rigid body, it is 
unlikely that the rigid body motion satisfies the above instability condition since the roll or 
pitch motion is generally synchronized with the yaw motion. This condition is likely to 
occur in specific cases, such as machinery vibration. Thus, conversely, it is unlikely that the 
system becomes unstable as a result of the above condition in a rigid body motion, such as 
the motion of a vehicle or an aircraft. However, the rapid divergence seen in Fig.3 is likely to 
occur when the system satisfies this condition due to measurement errors or the cross effect 
induced by the alignment error in this system. In the next section, we analyze the estimated 
alignment error and investigate a sensor calibration in order to minimize it. 
 
4. Sensor calibration 
 
4.1 Accelerometer error analysis 
This sensor system obtains 6 DOF accelerations by resolving multiple linear acceleration 
signals. Therefore, the sensitivity vector ( i
ou ) and the position vector ( i
o r ) of the linear 
accelerometers must be exact. In the previous section, we investigated the case for each 
accelerometer without considering the alignment errors. Therefore, in this section, we 
investigate the accelerometer outputs mia  by taking into account the error terms i
oΔ u  and 
i
oΔ r , which constitute the alignment errors of this sensor. Additionally, since accelerometers 
generally have offset errors, we assume the offset error to be 
ofi
aΔ , in which case the 
accelerometer outputs with these alignment errors can be written as follows: 
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In Eqs.(13) and (14), 
ofi
aΔ  and ioΔ u are based on Table 1, and ioΔ r  is based on the accuracy of 
the finish for the base frame. The sensor frame was cut by NC machinery. Its machining 
accuracy is ± 0.1 [mm] and ± 0.1 [deg] or better in a length accuracy and an angular 
accuracy, respectively. The results of calculating the maximum range of each term are 
shown in Table 2 when the above performance and accuracy are considered. As a result, the 
terms including i
oΔ r  can be omitted since they are negligibly small in comparison to the 
other terms, as seen clearly from Table 2. Thus, we should consider only accelerometer 
errors including i
oΔ u , and the error terms (i.e., RoΔ  and rviΔc ) can be written as follows; 
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Therefore, Eqs.(13) and (15) are sensor equations which include principal errors. 
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Measurement Range ±20 [m/s2] 
Resolution (at 60 Hz) 0.02 [m/s2] 
Operating Voltage Range 3 ~ 5 [V] 
Quiescent Supply Current 0.6 [mA] 
Temp. Operating Range 0 ~ 70 [degree Celsius] 
Size 5×5×2 [mm] 
Gain error |/||| j
j
j uuΔ  ±20 [%] 
Absolute 
alignment 
error 
|,/||| j
j
j
j uαΔ
|/|||
j
j
j
j uβΔ  ±1.75 [%] 
Offset error gaofj /||Δ  ±200 [%] 
Table 1. Specifications of the dual-axis accelerometer chip (Analog Devices, Inc. 
Accelerometer ADXL202E) 
 
Error factor ΔoR 
Error definition 
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Estimated value 0.251 0.251 0.242× 10-2 0.651× 10-3 
 
Error factor Δcrvi 
Error definition 
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Estimated value 0.251 0.247× 10-2 0.751× 10-3 
Table 2. Estimated error values  
  
4.2 Calibration method for sensor errors 
In general, a sensor system is calibrated using a known reference input. In the proposed 6-
DOF sensor, it is necessary to determine at least 42 ( 666 +× ) components. However, in this 
system, as shown in Eqs.(13) and (15), the unknown errors constitute 24 components (i.e., 
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63×∈RuoΔ  and [ ] 6621 Ra ∈= Tofofofof ΔaΔaΔaΔ L ), and these components can be estimated by 
using only certain translational inputs (i.e., 0,0 == bb ωω & ). Thus, Eq.(13) can be written as 
follows: 
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When the above equation is solved for uoΔ  and 
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aΔ , we obtain 
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In case Eq.(17) is measured n times, 
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In Eq.(18), n
oB  becomes a square matrix when n=4, whose number is the least number of 
measurement times, i.e., the principal errors TTof
To ][ au ΔΔ  can be estimated using data for 
only four position. 
 
4.3 A 6-DOF acceleration sensor system 
A prototype of the 6-DOF accelerometer and the sensor specifications are shown in Fig.4 
and Table 3, respectively. In this sensor, we used a dual-axis accelerometer ADXL202E 
(Analog Devices Co., Table 1), and installed microcomputer H8-3664 (Renesas Technology 
Co.) and a USB interface internally. This system captures signals from the accelerometers 
and transfers the data to the host computer at 60 Hz while performing integer arithmetic 
calculations in order to speed up the data processing. 
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Fig. 4. Outline drawing of a prototype 6-DOF accelerometer 
 
 Max Typ Resolution Sampling 
x 
y Translational 
z 
±19.6 
[m/s2] 
±9.8 
[m/s2] 
0.04 [m/s2] 
x 
y Rotational 
z 
±490 
[rad/s2] 
±163 
[rad/s2] 
0.64 
[rad/s2] 
60 [Hz] 
Table 3. Specifications of the prototype 6-DOF accelerometer 
 
4.4 Calibration results 
Figures 5 and 6 show the measurement results as compared with the state before and after 
the calibration. This result took the measurement value when the gravitational acceleration 
was added for an arbitrary direction in the x-y plane of the sensor. Then, the z axis of the 6-
DOF sensor was fixed in horizontally direction, and we rotated the sensor in the yaw 
direction. In addition, the difference between the values before and after the calibration was 
divided by the rated value (1G), and was thus represented as a dimensionless parameter. In 
Fig.5, the gain and offset error rates were reduced to 1% or less from about 2% and 4%, 
respectively. Then, the result from measuring the values along the x axis and the roll 
acceleration are shown in Fig.6. These accelerations should become essentially zero; 
however, the measurement values were perturbed by the offset error and the interference 
with the y axis the before calibration. After the calibration, the offset errors and the 
interference were reduced, and thus the availability of this calibration method was 
demonstrated. 
40[mm]
Side view
x
z
x
y
Dual-axis Accelerometer
Top view
[rad]3/2π
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Fig. 5. y directional error characteristic before and after the calibration 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Interference of the y directional acceleration to the other directions 
 
5. Application to vehicle motion 
 
5.1 Experimental task 
In this section, we install the prototype sensor (see Table 3 and Fig.4) in a vehicle and 
investigate the applicability of the proposed methods to a relatively complex motion. The 
experimental task is the double lane change that involves the vehicle changing lane twice for 
a distance of about 2.5 m on a straight track. This task is known that detection of rotational 
components is relatively difficult because the influence of translational motion is large. 
Additionally, translational components are likely to become mixed with rotational 
components, which in turn is likely to induce the cross effect.  
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5.2 Experimental results 
The experimental results are shown in Fig.7. In this experiment, we used a highly accurate 
triaxial rate sensor (Tamagawa Seiki Co.) which is unaffected by lateral motion as a 
reference. In the results, angular acceleration was transformed into angular velocity by 
numerical integration for the purpose of comparison with the rate sensor outputs. In 
addition, we applied a high-pass filter in order to suppress the drift error from emerging 
after integration. Figure 7 shows a comparison of the experimental results before and after 
the calibration in order to demonstrate the applicability of the above calibration method. 
Before performing the calibration, a large angular velocity was measured in the pitch 
direction, which should be almost zero, since the lateral components interfered with the 
rotational component. On the other hand, after performing the calibration, the cross effect 
was greatly reduced while at the same time the gain and the offset error were suppressed, 
and therefore the angular velocities were in good agreement with the rate sensor outputs. 
As a result, the applicability of this sensor system to a relatively complex motion was 
demonstrated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. Comparison of the reference gyroscope and the prototype acceleration sensor in 
double lane change experiment 
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6. Conclusion 
 
This chapter described the stability and the error analysis of the proposed 6-DOF motion 
sensor system. A summary of the results is provided below. 
1. This sensor system using multiple linear accelerometers can perform 6-DOF acceleration 
measurements by resolving each linear accelerometer outputs and CF terms, in other 
words, the terms consisting of angular velocities (see Eq.(8)). In order to clarify the 
instability conditions for this system, we analyzed the differential equation for the error by 
taking the measurement errors into account. As a result of analyzing the geometric 
instability conditions, the measurement errors increase rapidly when the roll or pitch 
frequency become even for the yaw motion and thus becomes unstable. However, it is 
unlikely for the system to become unstable under the influence of the above conditions in 
a rigid body motion, such as the motion of a vehicle or anaircraft. 
2. The alignment errors of this sensor system consist of the position )( i
oΔ r , sensitivity )( ioΔ u , 
and offset errors )(
of
Δa . However, in this system, the principal errors are the offset and 
sensitivity errors since  i
oΔ r  is negligibly small (see Table 2). Thus, these errors can be 
estimated by using only four linear inputs (acceleration of gravity), and can be calibrated 
with relative ease and high accuracy for all 6 DOF. 
3. We performed an experiment invoving a vehicle changing lanes twice (a double lane 
change task) using the prototype sensor, and the results demonstrated the applicability of 
the proposed system to relatively complex motion (see Fig.7). 
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